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Au programme

» Conditions de contrélabilité des systemes contrdle-affines
» Application 1 : contréle d'un micro-nageur magnétique

» Application 2 : contrdle de deux micro-nageurs
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Control theory
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Control-affine system
y=h(y)+ Y iy)u (S)
i=1
» y € R" is called the state

» fo,...,f, are real analytic vector fields on R".
» fy is called the drift

» ui,...,uUn are the controls

Controllability : given initial and final states yy and yi, and a time T can we
find controls u; such that y(0) = yp and y(T) =y1 7
— "drive state y to some place with controls u;”

Equilibrium : (y*, u®) in R" X R s.t. fo(y**) + >, fi(y*)ui® = 0.

Local controllability : is the system controllable “around” an equilibrium ?



Small-Time Local Controllability (STLC)

For all ¢ > 0, there exists > 0, such that for all yp,y1 in B(y*,n), there
exists controls u(-) = (u1, ..., um), such that the solution y(-) : [0,] — R"

satisfies y(0) = yo, y(¢) = y1,

a-STLC STLC
Ja >0, |lu— u|oppe S a. | [Ju— u®i=p,g <€

Conditions on System (S) to be STLC?
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Conditions of STLC

Lie brackets
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Given two vector fields f = (f,...,f") and g = (g',...,g"), their Lie bracket
[f,g] is given by :

Vx € R" [f,g](x) = &' (x)f (x) — f'(x)g(x)- (1)
In other words, for j in {1,..., n}, the j-th component of [f, g] reads

RV =Y MM g IS, @)

k=1

What is the role of Lie brackets in controllability ?



Conditions of STLC

Lie brackets

Consider the driftless case with two controls

y=h(y)u + f(y)w.

Let € > 0 and 71,72 in R. Define the
following controls on [0, 4¢] : y(2¢)

y(e)

(m,0)  sitelo,¢],
B (0,m2) i t€le,2e],
(tn(t), a(1)) = (777771,0) Gt €]2e, 3¢],

(0,—m2) it €]3e,4z]. y(3¢)

Then, starting at y = 0,

o fO

y(4e) = mnee’[fi. £](0) + o(e?).

» Reachable directions are (more or less) given by the Lie brackets of the
fields f;.
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Conditions of STLC
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Define Lie(fo, f1, ..., fm) as the space spanned by all iterated Lie brackets of
for. fon.
Définition
System (S) satisfies the Lie algebra rank condition (LARC) at (0, 0) if
Span {g(0), g € Lie(f, fi,...,fm)} = R". 3)

Driftless case :

Théoreme (Rashevski '38, Chow '39)

Assume fy = 0.
(S) is STLC at (0,0) < (S) satisfies the LARC at (0, 0).




Conditions of STLC

With a drift : not equivalent anymore! The LARC becomes only a necessary
condition.

Théoreme (Sussmann '73)
(S) is a-STLC at (0,0) = (S) satisfies the LARC at (0,0).

But it is not sufficient : ,
}./1 = Y2,
)72 = u.

> (Ex) satisfies the LARC at (0, 0)
» but (Ex) is not STLC

» No better necessary condition in the general case!
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Conditions of STLC : scalar-input systems

We can do a little better in the case m = 1, called scalar-input :

y = f(y) + f(y)u. (1)

Define

» Sk the subspace spanned by the Lie brackets of f, and fi containing at
most k times fi ;

» S, the subspace of R" spanned by the elements of Sy evaluated at 0.

Théoreme (Sussmann '83)

Assume that, at equilibrium (0,0) :
» System (S1) satisfies the LARC;

» for all positive integer k,
Sox C Sok_1. (4)

Then, System (S1) is STLC at (0,0).
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Conditions of STLC : scalar-input systems

What happens when condition (4) does not hold ?

For k = 1, it means that
S 7 5.

The simplest case is when

fi01(0) = [f, [fo, A]](0) & Si.

Théoréme (Sussmann '83)

Assume f101(0) does not belong to Si. Then, System (S1) is not a-STLC at
(0,0).

» fi01 is sometimes called a “bad"” bracket.

Similar results with non-scalar controls ?
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Results for two-control systems

Two-control systems

Consider a control-affine system like (S) with m=2:

y = foly) + fily)u + fa(y)u. (52)
Assume that
f(0) = 0,£(0) =0, (5)
i.e., for all u;* € R, (0, (0, u5")) is an equilibrium point :

» the second control u» cannot act on the system when at equilibrium
position y =0

» role played by this additional control compared to the scalar case?
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Results for two-control systems

Main result
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Define
» R the subspace spanned by the Lie brackets of fy, i, f» containing at
most 1 time f; ;
» R; the subspace of R” spanned by the elements of R; evaluated at 0.

Théoreme (Giraldi, Lissy, M., Pomet '19)

Assume f101(0) € Ri.
1. If fi01(0) € Ry + Span(fi21(0)) (where fixn = [f,[f, fi]]), let 8 € R such

that
f101(0) + Bf121(0) € R1.

Then, for all u3? € R such that uy? # 3, System (S2) is not STLC at
(0, (0, 157)).

2. If 101(0) & Ry + Span(f121(0)), then, for all u;? € R, System (S2) is not
a-STLC at (0, (0, u3?)).

» The bracket fio1 can "neutralise the bad bracket" fio1 if they share a
common direction at 0.



Results for two-control systems
Sketch of proof

Let k € Nand I = (i1, ..., i) in {0,1,2}*. Define

T Tk Th—1 ™
/ ui, (k) / Ui, (Tk—1) / oty (72) / uy (m1)dmdr ... d7y,
0 0 0 0

with the convention up = 0. Let ® : R" — R a real analytic function defined on
a neighbourhood of 0, and controls u = (u1, u2) in L. The Chen-Fliess series
associated to (S2), @, u and T is defined by

T(u,f, 0, T) =) (/O u,> (£i9)(0).

!

One has, for T small enough,
(yu(T)) =X(u, f,®,T). (6)

where y, is the solution to (S.) starting at 0 with control u.

— this series represents a development of the solution at the origin.
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Results for two-control systems
Sketch of proof

;
T(u, 0, T) =Y (/ u/> (fi®)(0).

1

Ideas :

» define a smart choice of function ® such that
> if g€ Ry, (g®)(0) =0,
> (f010)(0) = 1.

Show that the term associated to fio1, called P, is positive.

vy

Show that, under the right hypothesis, the sum of all the other terms is
dominated by P, i.e.

|Z(u, f,®, T)— P| < P;

v

deduce that ®(y,(T)) > 0 and therefore (S) is not STLC.

v

Similar results for higher-order brackets (hal-02178973v3)

Application to micro-robots!

v
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Micro-swimming
Context
» Propelling micro-robots in fluids

» Study of propulsion with external magnetic field from the control theory
point of view

» Biomedical applications

(a)

(a) Sovolev et al., Small 5(14), 2009. (b) Ghosh, Fischer, Nano Letters 9(6), 2009. (c) Peyer et
al., Nanoscale 5(4), 2013. (e) Magdanz et al., Adv. Funct. Mater. 25(18), 2015. (f) El Alaoui-Faris
et al., Phys. Rev. E 101, 2020.
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Application : 2-link magneto-elastic micro-swimmer model

Description of a planar magnetized swimmer, made of two segments S; and S; :

Torsional spring
Stiffness: jg,

— Hydrodynamic

(X-, y) {\UH l"u-) coefficients

€; =

» The system is described by the four state variables z = (x, y, 6, «).

» The control is a uniform in space, time-varying magnetic field H.
Components in the moving basis (e; |, e1, 1) : (H, Hy).

17/ 33



Equations of the model

1) Internal elastic effect : torque proportional to the shape angle
T = kae,

No elastic effect (equilibrium) when the segments are aligned.

: torque proportional to the magnetisations
T,m = I\/I,-e,-,” x H.

The parallel component H) has no effect on the swimmer when it is at
equilibrium !

3) Hydrodynamics effects : density of force at point x(s) modeled by the
Resistive Force Theory [Gray, Hancock 1955] — proportional to the parallel and
orthogonal velocity and the coefficients 7, n..
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Micro-swimming

Equations of the model

> Inertia negligible compared to the viscous effects (Low Reynolds number)
— balance of forces and torques at all times

» Writing balance of forces and torques defines a control-affine system :
z= Fo(Z) + HH Fl(Z) + H Fz(Z) .

> H“ and H, seen as the controls

Equilibrium states : (x,y,6,0) (2-link) or (x, y, 6,0,0) (3-link) with magnetic
fields H = (,0) with any o (H has no effect on the swimmer when it is
aligned because F; vanishes at equilibrium positions)

Are the swimmers STLC?
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Results

Assumption : The magnetizations M;, and M, are
such that My # 0, M, # 0, My — M> # 0 and
M; + M, # 0.

Hydrodymaniec

Proposition
Then, the two-link swimmer is STLC at (0, (v2,0)) with

_H(L+L>
2= T v )

Moreover, it is not STLC at (0,(H),0)) if Hj # 2.

» in particular, not STLC at (0, (0, 0)), i.e. with small controls

» the parallel component of the magnetic field has to stay close to the
constant value 3.

> R1(0) = Vect (e, €3, €1) ;
> [ [6. £1)(0) = (=S BR = 1B) g 6,0)
> [, [ A]I(0) = (216.‘@(17 - 5)(,\2’;;;/,2)(/\/’1 - I\/l2)707070)'
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Controllability results : 3-link swimmer
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Assumption
The magnetizations My, M, and Ms are such that
My — Ms # 0;
(M1+M3?£0 orMQ;éO); 7
—7MZ + 9Mo(My + M3) — 5My M3 # 0; Q)
P(My, M, M3) # 0,

(x,y) 1) 7.L) with

S, P(x,y, z) = 49y® —91y?(x+2)+36y(x+2)>— (45y-+65(x+2))xz

Proposition
Under Assumption 2, the three-link swimmer is STLC at (0, (+y3,0)) with

— 17(M1 + M3) — 16 M»
o *7M22 =+ 9M2(M1 =+ M3) - 5M1M3.

73

Moreover, it is not STLC at (0, (o, 0)) with o # 7s.




Numerical simulations

P Start from the equilibrium position (0, 0,0,0) and calculate the trajectory for
controls varying “around" the reference control (3,0) with 8 € R.

> Plot the evolution of the extremity (x,y).
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Numerical simulations

P Start from the equilibrium position (0, 0,0,0) and calculate the trajectory for
controls varying “around" the reference control (3,0) with 8 € R.

> Plot the evolution of the extremity (x,y).

B =0.97
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Numerical simulations

P Start from the equilibrium position (0, 0,0,0) and calculate the trajectory for
controls varying “around" the reference control (3,0) with 8 € R.

> Plot the evolution of the extremity (x,y).

B ="
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Numerical simulations

P Start from the equilibrium position (0, 0,0,0) and calculate the trajectory for
controls varying “around" the reference control (3,0) with 8 € R.

> Plot the evolution of the extremity (x,y).

B =11y,
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Numerical simulations

P Start from the equilibrium position (0, 0,0,0) and calculate the trajectory for
controls varying “around" the reference control (3,0) with 8 € R.

> Plot the evolution of the extremity (x,y).

B =125,
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Contrdle de plusieurs micro-nageurs

Modele

» Deux particules sphériques
» Application d'une force f sur I'une

» Contrdle de la position des deux en méme temps
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Equations du mouvement

» Régime de Stokes — linéarité

i lel = (W]

que I'on récrit sous la forme d'un systéme contréle-affine (sans dérive) :

[Xl] _ | MO ||2 + ML(r)( i
r —my(r); H,||2 —my(r) (’ e

ou My, My, my, m. sont les coefficients de mobilité.
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T> f= &gx + f:vgy + fzgz

(8)

(9)



Contrélabilité
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Pas de dérive, donc il suffit de vérifier la LARC et d'appliquer le théoréme de
Rashevski-Chow. On considére la matrice

C=g.8.8 8.8l (8. 8l (8 (g 8l - (10)
Son déterminant est
mimst 1 (1) (1]’ -
r r\my  my my ’
et on obtient donc la condition de contrdlabilité

Proposition
Le systéme est contrblable en r si (et seulement si)

1 (M M M.\’
r(m_m)_(m) #0



Calcul du déterminant

> Les coefficients de mobilité peuvent &tre approchés par des séries en &

rn

> rouge : ordre % noir : ordre *,2100
x10°5 A=3 62107 A=1 x10%  A=01
|
03
pet
=
<2
1
0 2
0 5 10 o 1 2 3 0 1 2

separation d

» contrdlable partout !

separation d

separation d

» en utilisant les crochets de C comme des “vecteurs de base”, on peut
expliciter des contrdles qui réalisent un certain objectif — planification de

trajectoires
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Conditions of STLC

What happens when f191(0) does belong to S; ?

In the scalar case, the next simplest case is when

fo1,001(0) = [[f, ], [fo, [fo, A]]](0) & $:1(0).

— In this case, System (S:1) may or may not be STLC.

For f, g two vector fields, let ad%g = g and for all positive integer k,

adfg = [f,adf 'g].

Théoréme (Kawski '88)

Let S' = Span{adf (ad} fy), k € N}. If fy1,001(0) & S1(0) + S'(0), then (S1) is
not STLC at (0,0).

Théoréme (Beauchard, Marbach '17)
If fo1,001(0) & S1(0), then it is not W*°-STLC at (0,0).
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Results for two-control systems
Higher-order brackets
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Two controls?
> seven other brackets of order 5 are involved, via the map

Dugq (M, X2) = Af(for,001(0) — 501,201 (0)) + A3(fo1,001(0) — U5 1,201 (0))
—A122(1,001(0) + fo1,021(0) — 157 (1,201 (0) + fo1,221(0))),

Théoreme

1. If there exists a linear form ¢ on R" such that
R1 C ker g,
(A1, A2) = (o, Duzeq()q, A2)) is positive definite,
then system (S) is not (W 1°°)-STLC at (0, (0, u?)).
2. If there exists a linear form 1) on R" such that
R’ C ker,
(A1, A2) = (v, Dugq()\l, A2) ) is positive definite,

then, system (S,) is not (W, B)-STLC at (0, (0, u3)).

Assume that f101(0), f121(0) and f1,01(0) belong to Ry and let uy® € R. Then :

(12)
(13)

(14)
(15)

» structurally similar to the one for fip1 but more technical




